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PURPOSK: To estimate the spectrum radiated by a current streamer whose cross-

sectional dimensions are an appreciable fraction of a wavelength and in which

the current varies discontinuously with time,

RELATED TO: RAND's research for NASA on the scientific utilization of meteoro-

logical satellite data and the implications of new techniques and measurements

to meteorological satellite development.

DISCUSSION: Satellite measurements of the radio frequency radiation from thunder-
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storms can provide useful meteorological information about the distribution
of thunderstorms and possibly about somé properties of the lightning stroke.
However, the only radiation that can reach a satellite is radiation above a
few megacycles, because only at these frequencies will the signal penetrate
the ionosphere. For this reason, the spectral distribution of radiated energy

at frequencies above a few megacycles is of particular interest.

NDINGS: 1If the current distribution is roughly uniform throughout the streamer

AG

and drops rapidly to zero at the edge, the amplitude of the radiated spectrum
will decrease inversely as the frequency at frequencies below the one at which
the projection of the mean diameter of the streamer in the direction of the
observer is about 0.4%. At higher frequencies, the spectrum decreases in-
versely as the 5/2 power of the frequency, For streamers in which the current
varies less abruptly or the edge of the streamer is not so well defined, the
spectrum will decrease more rapidly than this at high frequencies. Experi-
mental evidence suggests that the spectrum of lightning decreases inversely

as the frequency up to a frequency of at least 500 Mc. If so, it is concluded
that either the radiating streamer has an effective diameter of less than

24 cm (contrasting with visible diameters of 1 to 10 m) or that the streamer
current is not the major source of radiation at frequencies above a few

hundred megacycles.



NASr-21-(07)

MEMORANDUM

RM-5242-NASA
JANUARY 1967

THE RELATION BETWEEN THE DIAMETER
OF A LIGHTNING STREAMER AND ITS

RADIATED RADIO FREQUENCY SPECTRUM
R. L. Kirkwood

This research is supported by the National Aeronautics and Space Administration under
Contract No. NASr-21. This report does not necessarily represent the views of the
National Aeronautics and Space Administration.

0] 1) P

1700 MAIN ST « SANTA MONICA « CALIFORNIA + 90408




-iii-

PREFACE

This Memorandum has been prepared as a part of RAND's work on
satellite meteorology sponsored by NASA, It concerns the spectral
distribution of radio frequency energy radiated by a stroke of lightning
in the frequency band in which the radiated signal will penetrate the
ionosphere and hence is detectable by satellites., Using the results
obtained, experimental data on the radiated spectrum from lightning
can be interpreted in terms of the size of the radiating streamer, and
thus this Memorandum should be of interest to anyone who is concerned

with the physical theory of lightning.
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SUMMARY

An estimate is made of the spectrum radiated by a current streamer
whose cross-sectional dimensions are an appreciable fraetion of a wave-
length and in which the current varies discontinuously with time. If
the current distribution is roughly uniform throughout the streamer and
drops rapidly to zero at the edge, it is found that the amplitude of the
radiated spectrum will decrease inversely as the frequency at frequencies
below the one at which the projection of the mean diameter of the streamer
in the direction of the observer is about 0.4A. At higher frequencies
the spectrum decreases inversely as the 5/2 power of the frequency. For
streamers in which the current varies less abruptly or the edge of the
streamer is not so well defined, the spectrum will decrease more rapidly
than this at high frequencies. Experimental evidence suggests that the
spectrum of lightning decreases inversely as the frequency up to a fre-
quency of at least 500 Mc. If so, it is concluded that either the
radiating streamer has an effective diameter of less than 24 cm (con-
trasting with visible diameters of one to ten meters), or that the
streamer current is not the major source of radiation at frequencies

above a few hundred megacycles.
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I. INTRODUCTION

Satellite measurements of the radio frequency radiation from
thunderstorms can provide useful meteorological information about the
distribution of thunderstorms and possibly about some properties of the
lightning stroke. However, the only radiation that can reach a satel-
lite is radiation at frequencies above a few megacycles, because only at
these frequencies will the signal penetrate the ionosphere. For this
reason the spectral distribution of radiated energy at frequencies above
a few megacycles is of particular interest, Since most of the energy
radiated by the main stroke of the lightning flash is in the frequency
band below 100 Kc, it appears that the major source of radiation that
penetrates the ionosphere may be the rapidly changing current in the

1)

leader strokes which precede the main stroke. Schonland estimates
that a stepped leader will have a diameter of one to ten meters, and it
seems reasonable to assume that dart leaders in the same channel will
have roughly the same diameter. If the wavelength of the radiation is
comparable to this diameter, the radiation from different parts of the
cross section of the leader will interfere destructively, thus signifi-
cantly reducing the received signal strength. As a result, the radiated
spectrum at frequencies of the order of 100 Mc or higher will decrease
more rapidly than that from a simple impulse, and it is the object of

this report to investigate this rate of decrease quantitatively.




II, FOURLER ANALYSIS OF THE FIELD RADIATED BY ONE SEGMENT
OF THE STEPPED LEADER

Since the actual path of a leader is very unpredictable, it will
be convenient to consider first only a small segment of the leader, which
can be assumed to be nearly straight and which is oriented vertically.
The radiation from the entire streamer will then be estimated by com-
bining the radiation from many of these segments of various locations,
sizes, and orientations. The total current in one vertical segment of
the leader will be assumed to depend on the altitude h and time t and
will be denoted by I(h, t)., Current will be assumed to flow only in
the vertical direction and to be distributed in the same way across all
horizontal cross sections of the leader., If x and y are Cartesian co-
ordinates in the horizontal plane, then the current demnsity J(x, y, h, t)

can be written in the form
J(x, y, h, t) = I(h, t) f(x, y) 1)

where f(x, y) describes the distribution of the current across the leader.
Since the total current I is the integral of J over any horizontal surface

through the leader, it follows from Eq, (1) that
f f(x, y) dx dy = 1 (2)

where the integral is extended over the entire cross section of the
leader. From this current distribution, the field radiated by one seg-
ment of the leader can be estimated.

Since the radiated field is usually detected by a receiver that is
sensitive to only a narrow band of frequencies in the vicinity of some
given center frequency, it is convenient to discuss only the Fourier
components of the radiated field that lie in such a narrow band. These
components are produced by the Fourier components of J(x, y, h, t) in
this particular band. If the Fourier component of J(x, y, h, t) at the
frequency of interest is J*(x, y, h, w)e-iwt, where J¥* is in general a

complex number and w is 2q times the frequency, and if the corresponding




Fourier component of the total current I¢h, t) is I*(h, w)e-lwt, then

from Eq, (1)

J*(x) y, h, w) = I*(h) w) f(x: Y) (3)

The Fourier transform of the field quantities can be computed directly
from J*(x, y, h, w). If it is assumed that the distance r from the cur-
rent element to the observer is so great that only terms proportional

to 1/r need be considered and all terms proportional to higher powers of
of 1/r are neglected, then the Fourier transform of the magnetic field

seen by an observer located at the point x', y', h' is given by(z)

iwr/c

i - e
H*¥(x', y', h', @) = - Z;'I J*(x, y, h, @) u x Py — dr %)

where u is the unit vector in the vertical directiom, K is the propaga-
tion vector whose magnitude is w/c and whose direction is from the cur-
rent element to the observer, and dr is the element of volume at the

current element under comsideration., The notation is shown in Fig. 1.

Reference iine
"/ Observer (x',y',h")

Streamer \ :<\\

\y\dr (x,y,h)
h
?44

- X

Fig. 1 -- Geometry of the streamer and the observer,




It will be convenient to introduce as a reference line (shown in
Fig./l) a vertical straight line within the streamer, and to measure
the x and y axes from this line, The integral of Eq. (4) can then be
evaluated by considering the thin horizontal section of the streamer
shown in Fig. 1. Since the distance from the streamer to the observer
is assumed to be far greater than the diameter of the streamer, the
values of x and y will be much less than r. If the value of r when

x =y = 0 is denoted by L then the value of r at any point in the thin

section under consideration can be approximated by

Y I A &
) [ ]
SN VNN AN
(o] r r
(o) (o]

If the x and y axes are rotated so that the observer lies in the x, h

plane, then y' = 0, and this equation becomes
r ;'ro - x sin 8 (5)

where § is the angle between the h-axis and the line connecting the
observer with the point where x = y = 0 in the section under considera-
tion.

In the integral of Eq. (4) the value of J* can now be expressed by
Eq. (3), the vector K and the factor 1/r can be considered to be essen-
tially independent of x and y since the diameter of the streamer is much

tux/c can be

smaller than its distance from the observer, the factor e
modified by replacing r with its value given in Eq. (5), and dr can be
replaced by dx dy dh, with the result that
:Lun’.‘o/C
H*(x', y', h', w) = - %; I I*(h, w)u x K& -
° (6)

[” fx, y) e Llw/e)x sin @ dx]dy dh




For a vertical streamer segment that is very far from the observer, the
angle 9§ is essentially independent of h, so the integral contained in
brackets is a function of W only and will be denoted by F(w):

Fw) = [ £(x, ye tw/e)x sin 6 4 4 (7

where the integral is extended over the entire cross section of the

streamer. Then Eq. (6) becomes

-tur /c
B x', y', h', @) = - 5= [ T*h, @)U X K &——adn - F@) (8
(o]

By comparing the integral here with that of Eq. (4), it is seen that
the field component H* is equal to F(w) times the field component that

would have existed if all the actual current in the streamer had been

concentrated on the vertical line through the origin of coordinates.

When H* is known the corresponding electric field is perpendicular to
H* and related to it in magnitude by the characteristic impedance of
free space, and hence is uniquely determined. Thus the entire effect
of the nonvanishing cross-sec;ional area of the streamer on the radia=-
tion field is to multiply the field quantities by the factor F(w).

If the current in one segment of the streamer were concentrated
along a single line and rose from a small value to its maximum value
almost instaneously, as might be expected in such a discharge, its
radiated frequency spectrum would vary inversely as the frequency, or

as 1/w. Thus the spectrum radiated from an actual stepped leader seg-

ment with a significantly large cross-sectional area will be proportional
to F(w)/w. It remains to evaluate F(w).




I11, THE DETERMINATION OF F(w)

Since the distribution of current across the streamer is not known,
no exact determination of F(w) is possible, However, a rough idea of
the way in which F(w) varies with w can be gained by evaluating F(w)
for the simple case of a circularly cylindrical streamer with a uniform
current distribution, In this case f(x, y) is a constant, If the radius
of the streamer is R, then Eq. (2) requires that the actual value of
f(x, y) must be 1/(ﬂR2). If 2nc/(w sin @) is denoted by L, Eq. (7)

becomes

F(w) = —li II e-izmdL dx dy
TR

Carrying out the integration over y in a circle of radius R, so that y

4 2 1/
runs from -\(R - x2 to R2 - xz, gives
2 & 7 7 -iam/L
Flw) = — f RS - x° e TR/ 4y
mR~ -R

If u= x/R, this is

J. (2R /L)

1 — .
F(w) =2 [ Vi - o2 TR R/, T — (9)
-1

where J1 is the Bessel function of first order. Since the received sig-
nal strength depends only on the magnitude and not the sign of F(w), the
absolute magnitude of this value of F(w) has been plotted as a function
of 2mR/L in Fig. 2.

When 2rR/L is large, Jl(ZnR/L) is given approximately by

J1(2nR/L) = cos (2mR/L - %ﬂ)

1
nVE/L
so that

1

F(w) T 5
n- (R/L)

373 €08 (2rR/L - 3n/4) (10)
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Thus, to this approximation, F(w) varies sinusoidally within an envelope
that is shown by the dashed line in Fig, 2., It is apparent that Eq. (10)
gives a very useful approximation for F(w) whenever 2rmR/L is greater than
3 or 4.

The envelope of the high-frequency end of the spectrum that is
plotted in Fig, 2 has been derived for a circularly cylindrical streamer
with a uniform current distribution. However, it can be generalized
slightly to apply to any streamer that has a smoothly shaped boundary
and whose current distribution varies only gradually within the boundary
but drops rapidly to zero outside of it. To make this generalization,
it is convenient to use a Fresnel-zone argument to evaluate the integral
of Eq. (7).(3) Let the cross section of an arbitrary streamer (shown
in Fig, 3) be divided into Fresnel zones, each of which is of width L/2,

where L = 2nc/(w sin @), as before.

y Boundary of
v | streamer
L
2

A |
(XIIYI)\\\' ]
\
N

7

(x4, Yz)

N |

/
/

/

Fig. 3 -- Cross section of an arbitrary streamer,

If (X1; yl) and (xz, y2) are the points on the boundary that are farthest
from the observer and closest to him, respectively, then the boundaries
of the Fresnel zones are the vertical lines shown at the points where

x =x, + nL/2, where n is an integer, and the integral of Eq. (7) can
be written

-1 N
F(w) = If £(x, y)e i2mx /L dx dy = T F_ (11)
n=1
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where Fn is the contribution of the nth Fresnel zone to the integral,

and N is the total number of zones. Then F(w) can be written

F F F F F
S S Sy (2 =2
F (w) 2+( S+ F, 2>+<2+1~‘4+ 2>+.... (12)
F F

where the last term is —% if N is odd and g_l + FN if N is even. The

exponential factors at correspond%ng points in the integrands of Fn and
Fn+1 differ only by the factor e-lﬂ, or -1. The other factor in the
integrand is I f(x, y) dy, which depends on the range of integration of

y and on the value of f(x, y), both of which are assumed to vary only
slowly from one zone to the next, Thus Fn and Fn+1 will be of opposite
sign and will differ only slightly in magnitude. It follows that Fn
will be roughly the negative of the average of Fn+1 and Fn-l’ and the
quantities in parentheses in Eq. (12) will tend to vanish as long as
there are no strong periodicities of period L in I f(x, y) dy. Thus,
assuming that there are no such periodicities, the major contributions to
F(w) come from the first and last one or two Fresnel zones, and a good
approximation to the integral in Eq. (11) can be obtained by replacing

I f(x, y) dy by any quantity that closely approximates it in these zones
and that varies in any convenient way in the other zones, provided only
that it varies slowly from zone to zone,

With this observation, the integral of Eq. (11) can be evaluated
directly. The boundary of the streamer can be approximated in the
regions near the points (xl, yl) and (xz, yz) by two parabolas (shown
dashed in Fig. 3) whose radii of curvature are the actual radii of
curvature R, and R, of the boundary at these two points. The equations

1 2
of these parabolas are

]

y-yl

and

y -y, = :i:\/?.Rz(x2 - x)
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respectively, Since f(x, y) varies omly gradually within the streamer,

it can be approximated by the constant value f. in the region of the

1
in the region near (x

streamer near (x ) and by the value £ ).

1 2 2> Y2
Then in the regions near (xl, yl) and (x2, y2) we have approximately

2f1 2R1(x - xl) near (xl, yl)

2f2 ‘/ZRz(x2 - x) near (x2, yz)

Between these two regjons the value of F(w) is insensitive to the value

J g6, v) ay =

of f f(x, y) dy so long as f f(x, y) dy varies smoothly with x and has
no marked periodicity with period L. Thus it is a good approximation
to divide the entire streamer into two parts and use the first of these
approximations throughout the left part and the second throughout the
right part. The boundary between these two parts will be at a point

X = b, where b is chosen so that the resulting approximation for

I f(x, y) dy varies continuously across the boundary at x = b. From
the expressions for f f(x, y) dy given above, it is easily seen that

sz + xzféR2

X151

fle + ngz

b = (13)

and from Eq, (11) we have:

b . N '
F(w) = I 2f1‘/2R1(X _‘;I; omi2mx/L dx + I 2 26, \[R,Gx, - O e i2mx/L dx
X
1

b
X - Xy
If we change the variables of integration by letting u = 2 I in
.XZ - x
the first of these integrals and u = 2 {[——— in the second, and employ
L
the identical relation
2 & i(n/2)u® i s ie2e? it 1(n/2)’
f u e du = & Sue £ I e du

the result can be simplified by replacing b by the value given in Eq. (13)

and becomes
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b-x1
£L 4/} E w2V T i/
F(U)) = iTT 2 e ‘F
0
x2-b
£,L R,L -i2mx, /L 2 -5 i(n/2)u2
- —= —_— e e d
im 2 IO

where the integrals are Fresnel's integrals, Since we are looking for

an approximation for F(w) at high frequencies, where L is small, we are
primarily interested in these integrals when the upper limit of inte-
gration approaches infinity. If each of the two parts of the streamer,
between X, and b and between b and X5 contains only one Fresnel zone,
we will have b - x; = L/2 and X, = b= L/2, and the upper limit of each

of the above integrals is }/E. For an upper limit of ‘/E or more, the
absolute magnitude of either integral is within about 30 percent of its
value for an upper limit of infinity. Thus, for any streamer to which
the Fresnel zone argument can reasonably be applied, a good first approxi-
mation to F(w) can be obtained by letting the upper limits of both inte-
grals be infinite, Then, since

® :i:i(ﬂ/Z)u2 1+ i
f e du = ——

(o]

the expression for F(w) becomes

3/2 . N S N |
F(uu)=ﬁ§‘m Lo i rifm /L|: VE; - ZVR—ze'lz’T( L '4)]

The amplitude of the received signal depends on the absolute magnitude

of F(w) which is given by

3/2
|F(w)] = VfZR + sz - 2f EZ‘IE cos [2TT( - —)] (14)

This is the general expression for F(w) that was desired. For the parti-
cular case of a circularly cylindrical streamer with a radius R and with a
L 1° R2 = R, X, = %X = 2R, and f1 =
£, = 1/(mR”), and Eq. (14) becomes Eq. (10).

uniform current distribution, we have R 1
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The magnitude of lF(w)l given by Eq. (14) is easily understood as

the magnitude of the resultant of two vectors whose magnitudes are
1 .3/2 1 .3/2 ~ . .
o L fl\/Rl and on L fZ\’RZ and whose directions are separated by

the angle 2n[(x2 - xl)/L + 1/47, as shown in Fig. 4.

I Xp=%y , 1
| 27 <——L + 4)
l

1 e
| _2—7l' L3/2 F2 R2

_2_]7L3/2FIVR| |F (@)]

Fig. 4 -- Vector diagram for determining |F(w)}.

The frequency at which the observation is made enters the expression
for IF(w)I in Eq. (14) only through L, which varies inversely as the
frequency. Thus as the frequency increases, the magnitudes of the two
vectors decrease, and one of them rotates continuously relative to the

other, with the result that lF(w)[ oscillates between the limits

[Py = 35 1% () 4R+ £ YR as)
and
lF(w)lmin - %F L3/2 Ifl\ﬁiz ) fZ\ﬁzgl (16)

Qualitatively, this variation is much like the one shown for high fre-
quencies in Fig. 2 except that the minima will not be zero unless

= f ies for this
fl‘/Rl fz'V§Z. The variation of |F(w)| at low frequencies fo
more general type of streamer is also similar to that shown in Fig. 2,

in that F(w) ¥ 1 for any streamer as long as x, - 3 is appreciably less

2
than L/2, It is thus reasonable to conclude that an upper limit to the

value of |F(w)| is given by Eq. (15) at frequencies where Eq. (15) gives
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a value of |F(w)| less than one and is given by |F(w)| = 1 below this

frequency, provided only that the streamer has a smooth, sharply defined

boundary.

Furthermore, the analysis given above also suggests an upper limit
to [F(w)[ that can be applied to streamers that lack a sharp boundary,
that is, to streamers in which the current density [and hence f(x, y)]
drops to zero only very gradually as the distance from the center of
the streamer increases. In order that Eq. (2) can be satisfied by such
a streamer, f(x, y) must decrease more rapidly than l/r2 for large dis-
tances r from the center of the streamer. Thus if we were to approxi-
mate the streamer by one that has the same current distribution within
a large circle of radius R and that has no current outside of this
circle, Eq. (15) would give an upper limit to the value of |F(w)| at
high frequencies that varies as l/R3/2 and approaches zero as R = «,
Since in the limit as R - = the approximate streamer approaches the
actual one, it is clear that the actual value of [F(w)| at high fre-~
quencies is very small and is less than that predicted by Eq. (15) for
any truncated streamer of the type considered above. Thus, in general,
the effect of a gradual rather than abrupt drop in the current density
at the edge of the streamer is to reduce appreciably the high-frequency
radiation from the streamer. Since at low frequencies IF(w)' = 1 for
any streamer, it is only the high-frequency radiation that is affected,

and it can be concluded that the effect of a gradual rather than abrupt

drop in the current density at the edge of the streamer is to make

leng decrease more rapidly than it otherwise would as the frequency

increases.
These results give the following useful estimate of the value of

[F(w)[ for almost any streamer that might occur in nature:

1, [F(w)l = 1 at low frequencies, where the maximum dimension of
the streamer is much less than L/2,

2, |F(w)| is given by Eq. (14) at frequencies so high that the
maximum dimension of the streamer in the direction of the
receiver is much greater than L/2, if the current distribution
drops abruptly to zero at the edge of the streamer (making

most of its variation in less than one Fresnel zone of width L/2),




-14-

3. If the current density at the edge of the streamer drops to
zero more slowly than assumed above, [F(w)l will be consider-
ably less at high frequencies than the value given by Eq. (14)

when f1 and f2 are evaluated on any large circle of radius R
and R1 = R2 = R,

4, The case of a circularly cylindrical streamer with uniform
current distribution (see Fig. 2) suggests that the high-fre-
quency approximation is quite accurate down to the frequency
at which it gives the value |F(w)| = 1, and the low-frequency
approximation [F(w)l T 1 is reasonably good at frequencies

below this one,

These results give an indication of the value of |F(w)| for almost
any leader stroke that might be encountered in nature., They would not
apply when the current is concentrated almost entirely near the edge of
the streamer and f(x, y) becomes very large in this region, because
f(x, y) could not then be assumed to be roughly constant throughout the
first and last Fresnel zones, and the integrals by which lF(w)l has been
determined would have to be re-evaluated. Similarly, if f(x, y) is
roughly constant but the edge of the channel is straight, so that either
R1 or R2 becomes infinite, the conclusions above are not valid. In fact,
if the channel is rectangular and is viewed perpendicular to one face,
the envelope of the high-frequency radiation spectrum decreases as 1l/w

/2

3
rather than as 1/w”™'“. However, such situations appear to be rare and

will be neglected here,
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IV, THE RADIATED SPECTRUM FROM AN ACTUAL STREAMER

Because actual leader strokes vary widely in shape, any estimate
of the radiation from a particular stroke must be somewhat qualitative.
However, it is reasonable to assume that any stroke can be represented
approximately by a sequence of segments, each of which has the form
discussed above, but each of which is at a different location and is
oriented in a slightly different direction from the others. The spectrum
of an actual streamer is then the sum of the spectra of its segments,
where the field components at any given frequency are added in their
proper polarization and phase., Since the segments of the actual streamer
tend to be oriented in roughly the same direction, it will be assumed
that their fields all have the same polarization and thus can be added
by adding their instantaneous amplitudes, Because the segments of the
streamer are at different distances from the observer, it will be assumed
that the components they radiate at any given frequency will arrive at
the observer with randomly distributed phases,

Under these circumstances, the amplitude of the resultant field
is the square root of the sum of the squares of the components received
from the individual segments of the streamer. Each of these components
has the form given by Eq. (8) and is assumed to vary with frequency pro-
portional to Fi(w)/w, where Fi(w) is the function F(w) for the ith
segment of the streamer. It will be assumed that the factor of pro-
portionality is roughly the same for each segment of the streamer, with
the result that the frequency spectrum of the entire streamer can be
written in the form of a constant factor times IFS(QOI/w, where [Fs(w)[
is an effective value of |F(w)| for the entire streamer composed of N

segments, Then lFs(w)I is given by

N

IFS(w)I =4z IFi(w)l2 (17)
i=1

At the low-frequency end of the spectrum [Fi(w)i = 1, and IFS(w)i ’;\/ﬁ

At the high-frequency end of the spectrum IFi(w)l has the form given by
Eq. (14) and [Fi(w)[2 is
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X

3 - x
L 2 1 1
—_— + - —_—— _ =
= {f%Rl £2X, 2, £, YRR, cos [2m ( - 4)]}
where each parameter is evaluated for the ith segment of the stream-
er, It will be assumed that the parameters x, - x. and L vary

2 1
enough from segment to segment so that the average value of L3 cos

X X
2
[2ﬂ'(———ir—l> - %] over all segments is essentially zero. Furthermore,

the averages over all segments of the quantities L3f%R1 and L3f§R2 will
be roughly equal and will be denoted by L°f E, so that Eq. (17) gives

NLf ;

=1
lFs(w)I Ton 2

This expression depends on frequency only through the factor L, which is

defined to be 2mc/(w sin 8), so 'Fs(w)[ can be written

3
|F ()] = 2 vl';Ng (fZR ) (18)
W

sin3 8

3/2 . .
. Since there is no reason

and it is clear that IFS(w)[ varies as 1/w
to believe that the statistical distribution of the values of f at the
edge of one segment of the streamer or of the radius of curvature R at
that point is dependent on the orientation of that segment as specified
by the angle 8, the average value of fZR/sin3 8 will be just the average
of fZR times the average of 1/Sin3 8. Defining an effective orientation
angle es between the general direction of the streamer and the direction
of the observer by letting 1/sin3 o, equal the average of 1/sin3 8 over

all segments of the streamer, we have

<_fzk;>=__1_f§

sin3 2] sin es

The average value of f2R depends on unknown parameters of the individual
streamer segments. However, an estimate of this average can be obtained
by assuming that the different segments of the streamer are statistically
similar, so that the average of sz over the different segments is the

same as the average of sz over all azimuthal directions for any one
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segment of the streamer. If ¢ is an azimuth angle measured about the
axis of one segment of the streamer between an arbitrary reference
direction and the plane containing the axis and the observer, and if
changing ¢ to ¢ *+ dop moves the point at which the perimeter of the
streamer cross section is perpendicular to the direction of the observer
by a distance ds along the perimeter, then the radius of curvature of
the perimeter at that point is defined to be R = Ids/dml. If £ is the
value of f(x, y) at that point, and if the perimeter of the streamer is
assumed to be convex outward so that ds/dp is always positive, we can

average f2R over all values of ¢ from O to 2m to get

— 2m
1 24 1 2
£2R = 5 [0 £ Ei dp = 5= [ £ ds

Letting f2 be the average value of fz on the perimeter and letting P be

the total length of the perimeter, we have

— —

_P 2
s

With these substitutions, Eq. (18) becomes

[FS )] = (19)

Thus |F (w)l is approximately \/ﬁlat frequencies below the one where the
right side of Eq. (19) equals‘/ﬁ- and it decreases as l/w 3/2 above that
frequency. The frequency at which [Fs(w)l changes slope is the one for
which

_ _c 3 -
= Sin 8, 2p £2 (20)

or for which the wavelength A, is given by A = 2mc/w, has the value

2m sin ©

S Yo (21)
2 £2
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This gives a reasonable estimate of |Fs(w)| for a complete stredmer
when its perimeter and the average value of f(x, y) on the perimeter are
known, Actually, the only parameter of the streamer about which we have
any information is its apparent diameter, and we would like to determine
the frequency at which the slope of the spectrum changes as a function
of this diameter. 1If it is assumed that the current distribution is
roughly uniform throughout the streamer, then f(x, y) is just the recipro-
cal of the cross sectional area of the streamer., If the effective
streamer diameter D is defined so that this area is EDZ, then the peri-
meter P must be greater than mD, and the value of w given by Eq. (20)

will be greater than

. 2c 3
D sin es 4/n

and, from Eq. (21), A at this point will be less than
mD sin es n/4

If it is assumed that the streamer is roughly circular, these inequali-
ties will be nearly equalities, and the frequency at which the slope

of the radiated spectrum changes will be one for which D sin es is not
more than about 0.4A. Since the radiated spectrum vaires as (l/w)IFS(w)l,
it is concluded that:

1. The amplitude spectrum will decrease as 1/w at frequencies below
the one at which Ds sin es is about 0.4A.

2, At frequencies higher than this one the amplitude spectrum de-
creases at least as rapidly as 1/w5/2.

3. If the rate of rise of the current in the streamer is not so
rapid that the current can be considered to be a discontinous function
of time, or if the current distribution drops to zero only very gradu-
ally at the edge of the streamer, the amplitude spectrum at the higher
frequencies will be less than the one indicated above.

It is now possible to compare these results with the frequency

)

spectra that have been observed experimentally, as compiled by Kimpara.
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At any frequency between 100 Kc and 500 Mc, the measurements suggest

that the amplitude spectrum decreases as 1/w. Because of the spread

of the experimental results, this conclusion cannot be regarded as
certain; however, if it is accepted, the foregoing results show that

the radiation cannot be considered to come from a single streamer with

a roughly uniform current distribution unless D sin es is less than

0.4X\ at 500 Mc, or 24 cm. If it is assumed that the measurements were
made on streamers that were roughly perpendicular to the line of observa-

tion, this implies that the streamer diameter is less than 24 cm, arguing

strongly against any theory in which the radiation is assumed to come
primarily from a streamer 1 to 10 meters in diameter, To investigate
the validity of this argument it would be very desirable to have more
exact measurements of the frequency spectra radiated by individual

lightning strokes, particularly at frequencies above 100 Mc, so that
it could be determined whether the spectrum at these frequencies de-

/2

5 .
creases as 1/w or as 1/w” ', or even more rapidly.
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V. CONCLUSIONS

It has been shown that the fact that the cross section of a lightning
streamer is not infinitesimally small means that components of high-fre-
quency radiation coming from different parts of the streamer cross section
will not all add in phase; as a result, the radiated frequency spectrum
will decrease more rapidly at high frequencies than it would if the
streamer cross section were infinitesimally small. The resulting ampli-~
tude spectrum will decrease as 1/w at frequencies above about 100 Kc
(where the return stroke can be ignored) until the frequency is so high
that the diameter of the streamer is an appreciable part of a wavelength.
Above this frequency the spectrum will decrease as 1/w5/2. For an
observer who views the streamer from a direction roughly perpendicular
to that of the streamer, this change in slope of the spectrum occurs
when the diameter of the streamer is about four-tenths of the wave-
length, If the current distribution in the streamer drops to zero only
very slowly at the edge of the streamer, or if the current does not
change in almost instantaneous jumps, the frequency spectrum will de-
crease even more rapidly than this at high frequencies., Experimental
results suggest that the spectrum may decrease only as 1l/w up to fre-
quencies as high as 500 Mc. If this is true, then the main source of
high-frequency radiation cannot be a single streamer of diameter greater
than about 24 cm, Since visual diameters of stepped leaders are about
1 to 10 meters, and since dart leaders might be expected to have similar
diameters, it appears that either the conducting core of the leader is
much smaller than its visible diameter or the current in the leader is

not the major source of high-frequency radiation.
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